We calculate the dihedral quandle cocycle invariants of twist-spins of alternating odd pretzel knots. The calculation leads us to the conclusion that there exist non-ribbon 2-knots which admit a non-trivial coloring by the dihedral quandle Rp and all of whose cocycle invariants derived from Zp-valued 3-cocycles on Rp take value in Z ⊂ Z[Zp] for any odd prime integer p.
Introduction
A surface-knot is a connected, oriented closed surface smoothly embedded in the 4-space R 4 . The triple point number of a surface-knot F , denoted by t(F ), is the minimum number of triple points among all possible projections of F into the 3-space R 3 . A surface-knot is called a 2-knot if it is an embedding of a 2-sphere. It is known in [11] that a 2-knot F is a ribbon 2-knot if and only if t(F ) = 0. The homology and cohomology theory for quandles developed in [2] are similar to those for groups. Each 3-cocycle θ of a quandle cohomology defines an invariant of a surface-knot F , called the cocycle invariant, denoted by Φ θ . The invariant Φ θ takes value in the group ring Z [G] , and in Z ⊂ Z[G] if a surface-knot F admits only trivial colorings or t(F ) = 0, where G is the coefficient group of the cohomology. In [10] , Satoh and Shima proved that if the cocycle invariant Φ θ (F ) of a surfaceknot F is not an integer, then the triple point number t(F ) is greater than three, where θ is a 3-cocycle of the dihedral quandle R 3 of order 3 with coefficient group G. Moreover a similar result has been obtained for the dihedral quandle R 5 of order 5 by Hatakenaka [5] . For some 2-knots, the cocycle invariants derived from Mochizuki's 3-cocycle (see Section 3) were calculated concretely in [1] , [2] and [6] , where Mochizuki's 3-cocycle is a Z p -valued cocycle on the dihedral quandle R p of order p, where p is an odd prime integer. For example, if the r-twist spin τ r T (m, n) of the (m, n)-torus knot T (m, n) admits a non-trivial R p -coloring, then the cocycle
, and p if τ r T (m, n) admits only trivial R p -colorings (cf. [1] ). However, it was not known whether or not there are any non-ribbon 2-knots which admit a non-trivial R pcoloring, and all of whose cocycle invariants derived from Z p -valued 3-cocycles on R p take value in Z ⊂ Z[Z p ] for any odd prime integer p. In this paper, we show that there are such 2-knots by calculating the cocycle invariants of twist-spun pretzel knots.
This paper is organized as follows: In Section 2, we review the definitions of colorings and shadow colorings by quandles, and determine the (shadow) colorings by dihedral quandles of pretzel knots. In Section 3, we calculate the cocycle invariants of alternating odd pretzel knots, and prove the main theorem (Theorem 1).
Colorings and shadow colorings of pretzel knots
A quandle, X, is a set with a binary operation (a, b) → a * b satisfying the following conditions:
Let D be a diagram of an oriented knot K, and Σ the set of arcs of D. Given a quandle X, an X-coloring for D is a map C : Σ → X which satisfies C(γ) = C(α) * C(β) at each crossing, where α, γ ∈ Σ are under-arcs on the right and left of the over-arc β ∈ Σ, respectively. If a X-coloring uses only one color we say that it is trivial. The colorings by the dihedral quandle R p are Fox's p-colorings, and they are independent of the orientation of a knot. We assume that p is an odd prime integer in the following.
Let m be a non-negative integer, and p 1 , . . . , p m non-zero integers. We denote by P (p 1 , . . . , p m ) the pretzel link of type ( Figure 2 , where m appears as the number of columns with p i half-twists on the i-th column. Figure 1 . We note that
, and a 00 = a m0 , b 00 = b m0 . We use the notations a i , b i instead of a i,0 , a i,|pi| , respectively. The relations between these colors are described by 
It is known that the pretzel knot 
where
pi . By induction, we have
By the definition of the R p -coloring, the color of each arc of the i-th column is obtained by
3) 
Since the top arcs of the i-th column (i k < i < i k+1 ) have the same color a i k , all arcs of this column are colored by a i k . The color of each arc of the j k -th column is the color (2.2) obtained by substituting j k for i. Thus a R p -coloring of the above diagram D P is determined by the colors a i1 , . . . , a in .
Let X be a quandle. The number of the X-colorings of a knot K is called the X-coloring number of K. The X-coloring number is an invariant of K. If a knot K admits the only trivial X-colorings, the X-coloring number of K is equal to the cardinality of the quandle X. From what has been discussed above, we have the following proposition for the R p -coloring number of the pretzel knot P (p 1 , . . . , p m ) 
Hence, the shadow R p -coloring of the R p -colored diagram D P of the pretzel knot P (p 1 , . . . , p m ) is determined by the color s 0 .
Cocycle invariants of pretzel knots and their twist-spins
We recall diagrams and colorings of 2-knots. For a 2-knot F in R Each triple point t of D is assigned the sign ε(t) = ±1 induced from the orientation in such a way that ε(t) = +1 if and only if the ordered triple of the orientation normals of the top, middle, and bottom sheets, respectively, agree with the orientation of R 3 . The colors of the sheets near t are determined by the three colors
C(α),C(β) and C(γ)
, where γ is the top sheet, β is the middle sheet in the back-side region of γ, and α is the bottom sheet in the back-side regions of both β and γ (see the right of Figure 3 ). The ordered triple (C(α), C(β), C(γ)) is called the color of t and denoted by C(t) ∈ X 3 .
Let X be a quandle, G an abelian group. We may define the cohomology group
For a 3-cocycle θ, we define the weight W θ (t, C) = ε(t)θ(C(t)) ∈ G, and also define We may define the cocycle invariants of an oriented classical knot K using the 3-cocycle θ as follows. Let C be a shadow coloring of a diagram of K and x a crossing. We define W θ (x, C) and
respectively, where ε(x) = ±1 is the sign of x, C(x) is the quandle triple at x. We consider the element
of the group ring Z [G]. The element Ψ θ (K) is independent of the choice of a diagram of a knot. Therefore it is an invariant of K.
Fix a point e on an arc α e of a diagram D of K, avoiding crossing points. Let µ e and µ e be the two regions meeting along α e near e. We consider the state-sum
which takes value in Z [G], where C runs all shadow colorings such that α e and µ e receive the same color. We note that C(µ e ) = C(µ e ) if C(α e ) = C(µ e ) or C(µ e ). This state-sum is independent of the choice of a base point and a diagram of a knot K (cf. [1] ), and is denoted by Ψ * θ (K). We consider the case X = R p and G = Z p . To clarify the meaning of the group ring
and Ψ *
where all coefficients of the numerator as a polynomial in a, b, c are divisible by p. It is proved in [7] that H 3 (R p , Z p ) ∼ = Z p and its generator is given by the map θ p .
For each non-negative integer r, Zeeman [12] constructed a 2-knot from an oriented classical knot K, which is called the r-twist-spin of K and denoted by τ r K. 1. The 2r-triple points t (1 k r) , where ε(x) is the sign of a crossing point x of D.
2. When r is odd. The diagram of τ r K admits only trivial R p -colorings.
3. When r is even. There is a one-to-one correspondence between shadow colorings of D and colorings of the diagram of
p be the quandle triple at x, and c ∈ R p be the color of the arc with the base point. The colors of t (ii) If r is even, then we have
In the following, we assume that the pretzel knot P (p 1 , . . . , p m ) is alternating, odd, and oriented by the orientation indicated in Figure 1 .
where x ij is the j-th crossing from the top of the i-th column of D P .
Proof. Assume that all p i 's are positive (1 i m) . The quandle triple C(x ij ) of a crossing point x ij of D P is given by It has been known that Ψ θp = pΨ * θp holds for also 2-bridge knots (cf. [6] ) and 3-braid knots (cf. [9] ), but whether the equality holds for any 2-knot is unknown. Theorem 1. If the alternating odd pretzel knot P (p 1 , . . . , p m ) 
